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Analysis of Slot Injection in Hypersonic Flow

J. A. Schetz,* F. S. Billig,T and S. Favin}
Johns Hopkins University, Applied Physics Laboratory, Laurel, Maryland 20707

The aim of this work was to develop a relatively simple, but reliably accurate, analysis for the major features
of the flowfield produced by supersonic, tangential slot injection into a hypersonic (or supersonic) external flow
including the effects of turbulent mixing, viscid/inviscid interaction, initial pressure mismatch, thick boundary
layers, skin friction and wall heat transfer, and heat release for reactive injectants. The analysis developed uses
hypersonic (or supersonic) small perturbation theory; entrainment models including the effect of a convective
Mach number; a quasi-one-dimensional assumption in the mixing and burning region; an instantaneous,
one-step heat release model; and simple representations of skin friction and heat transfer. Good agreement with
available experiments for gross flowfield variables such as p(x), A(x), To(x), M(x), etc., is demonstrated. The
calculation used about 2 s of CPU time on an Amdahl 5890 class computer. Finally, some predictions for
combustor flowfield development for a generic hydrogen-fueled scramjet vehicle at flight Mach numbers of 10,
15, and 20 are presented and discussed. A realistic range of values for boundary-layer thickness, slot height,
injection Mach number, and total temperature is considered.

Nomenclature
A = area of the one-dimensional viscous region
a = slot height
Ci4 = mixing rate constants
Cy = skin friction coefficient based on one-dimensional
variables
C, = specific heat
dm/dx = entrainment rate
Fra = Reynolds analogy factor
/s = stoichiometric fuel/air ratio
hy = heating value of the fuel
H = stagnation enthalpy
m = one-dimensional average mass flow
M; = slot injection Mach number
M, = freestream Mach number
M(x) = one-dimensional average Mach number
)7 = static pressure
Pr = Prandt] number
qw = wall heat transfer rate
St = Stanton number
T = one-dimensional average static temperature
T,. = adiabatic wall temperature

To(x) = one-dimensional average total temperature
wall temperature

one-dimensional average velocity
streamwise coordinate

potential core length

molecular weight

= ratio of specific heats

= local flow angle

= equivalence ratio

= initial boundary-layer thickness
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Subscripts

1 = external flow quantities

2 = quantities in the one-dimensional viscous region
J = jet exit conditions
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Introduction

HE flowfield produced by sonic or supersonic wall slot

injection parallel to a supersonic or hypersonic main-
stream is complex from the viewpoint of detailed analysis due
to the likelihood of wave patterns superimposed upon a vis-
cous mixing zone. If the flow is turbulent, there are important
turbulence modeling issues, mainly in the areas of modeling
merging mixing zones and the development of a nominally
free shear layer beneath a possibly large freestream side initial
boundary layer.

There are attractive practical applications of this flow ar-
rangement (e.g., separation prevention, thermal protection,
and skin friction reduction), and so a number of experiments
(e.g., Refs. 1-10) and analyses (e.g., Refs. 3, 4, and 11-14)
have been presented. One application, fuel injection in
scramjet engines, also involves different fluids and chemical
reactions, making analysis even more challenging. Nonethe-
less, several analyses have been developed and published.
Some treatments have made numerous and strong simplifying
assumptions, such as constant static pressure, which precludes
wave patterns and viscid/inviscid interactions. Others retain
more of the basic physics of the flow, but these tend to become
rapidly complex and costly in terms of computer time and data
preparations and interpretation.

One aspect of these flowfields that has received little previ-
ous attention is the effects of a large initial boundary layer on
the mainstream side. Many practical cases involve situations
where the ratio of the initial boundary-layer thickness to the
slot height can be very large, i.e., §;/a > 1. In scramjets, for
example, this ratio can have a value of 10. Indeed, a number
of the slot injection experiments in the literature have large
values of this ratio (Ref. 9 and 6;/a = 4). Under such circum-
stances, one can expect that the initial boundary layer plays a
dominant role in the slot injection flowfield development,
especially in the near field. Any explicit effects of the initial
boundary layer have only been infrequently (e.g., Refs. 4 and
11) treated.

An area where the important influence of an initial

 boundary layer has arisen is in turbulence modeling for high

Mach number flows. A number of workers!>-!® have identified
a ‘‘convective’’ Mach number effect on mixing rates in shear
layers when the initial boundary layer is small. More recent
studies have shown that this effect is only operative beyond
x = 256;. If §; is large compared to a, then 256; may be as large
as 250qa so that the convective Mach number influence can be
unimportant from a practical standpoint.
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Despite all of the complications that have just been intro-
duced, there remains a need for simple, inexpensive, reason-
ably accurate calculation methods that can be used for design
purposes where numerous calculations are required. For de-
sign purposes, the output needed are not detailed profiles, but
rather reliable predictions of gross flowfield quantities such as
the total amount of mainstream fluid entrained into the mix-
ing zone for mixing studies or thermal protection or the length
of the flame in the scramjet combustor application mentioned
above. These considerations suggest a helpful role for a ‘‘sim-
plified’’ analysis that retains at least approximate models of
all of the basic physics and chemistry of the flow. Earlier, we
had developed such treatments for the different, but related,
flow problem of base injection and burning behind high-speed
vehicles.!?-2! These proved quite successful at predicting the
main features of those flows at a very low cost. The principal
simplifying features of those analyses were the adoption of a
one-dimensional representation for the flow in the viscous
region and the use of linearized supersonic theory to describe
the inviscid/viscous interaction. More recently, the same gen-
eral ideas were extended to slot injection flows without includ-
ing any explicit effects of an initial boundary layer.?? Gener-
ally good agreement was found between predictions and
experiments, although we found that the agreement was
poorer in cases where the initial boundary layer in the experi-
ment was large (e.g., Refs. 9 and 10). Thus, it was decided to
develop a new analysis that would directly include the influ-
ences of this important variable.

Analysis
The development of the analysis involves numerous choices
of approximations and models. Although some rationale for
each choice is given, the adequacy of the final procedure can
best be judged only by comparisons of predictions with exper-
iments for a number of different cases.

Formulation

Some simplifications must be introduced to achieve the
stated goal of an inexpensive calculation procedure. Following
the ideas behind our earlier work, a viscous mixing zone is
represented as a one-dimensional flow region with suitably
averaged (across the flow) quantities varying only in the
streamwise direction. There is turbulent entrainment of sur-
rounding fluid into this region, and the static pressure is
determined by an inviscid/viscous interaction with the sur-
rounding flow. Also, here skin friction and wall heat transfer
are important, which was not the case for the base flow
problem. A ‘“‘modular’’ approach was adopted, where the
flows in different subregions of the general flowfield are
treated separately, and then the solutions are joined together
to produce a composite whole.

Consider the flowfield as sketched in Fig. 1, where it is
presumed that the thickness of the boundary layers on the
internal surfaces of the slot nozzle are small compared to
either the slot height or the mainstream side boundary layer.
That is true in many practical situations. There is then a
‘‘potential’’ or inviscid core in the slot exit flow that occupies
most of the slot height. Beyond the slot lip end (x = 0), there
is entrainment into the main mixing region both from the

External stream
M,, Py, Uy, To'

Entrainment

Mixing region

To. Potential core
)

Fig. 1 Schematic of the slot injection flowfield.
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external stream and the slot exit flow. There is also entrain-
ment from the potential core of the slot exit flow into the
growing boundary layer on the bottom wall. When all of the
flow in the slot exit potential core has been entrained into
either the main mixing zone or the wall boundary layer, the
potential core disappears at x = X,.

Consider the flow in the main mixing region as one-dimen-
sional with suitably averaged variables. With that and taking
v and v, as constants, the energy and streamwise momentum
equations can be combined to give

F (1 —-M?) (sz—— 2 T, dx
- %3
I+MM2 .
ot —2—— ) —(4mm) | 242
NN LW T, 2 m dx

_CrpM? (1 +72M2) 1aw

24 _ W dx
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Note that the only shear involved is the wall shear which does
not act on the flow in the main mixing region for x <x,., so
the next to the last term in Eq. (1) is zero for x <x,,. The area
A is the transverse height (in the two-dimensional planar case)
of the main viscous region. Turbulence is manifested only as
an entrainment rate driz/dx which has two parts, (dr/dx)ipne
and (d/dx)gyeer for x <x,c.

The continuity equation and the equation of state give, with
a perfect gas, the pressure variation in the viscous region as

1)

ldp 1dm 1d4A 11

oD s )

The external flow is taken as inviscid with the static preséilre
determined by the hypersonic small disturbance theory for
compression?®

dp y+1 y+1
— =AMl 1 +— [ 2
> =7 1[ T (M,6)? |do 3)

It is assumed here that Eq. (3) is an adequate approximation
for both compressions and expansions. If M, < 2.50, the cor-
responding linearized supersonic theory results are used. The
inviscid/viscous interaction requires that the right-hand side
of Eq. (2) equal that of Eq. (3).

For burning cases, an idealized, diffusion-controlled reac-
tion model is assumed. Thus, as soon as fuel is entrained into
the viscous region from the slot flow, it reacts instantly with
the main airflow in the main mixing region up to x = x,.. A
simple heating value representation is also introduced. With
all of this

1dTy _ [(H —CyT = m) L ]L(d_m>
Tp dx C,,To ) Cp,Tol i\ dx /inner

H ~C,T- U2/2> 1 <dr'n>
+ L —\— 4a
( Cp2T0 m\ dx outer ( )
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Heat transfer to or from the wall does not influence the flow
in the main mixing region for x <Xx,.

After the end of the potential core (x = x,), the mixing
region extends all the way down to the wall, and the only
entrainment is from the external stream. Equation (1) still
holds, but the Crterm must be included. Equations (2) and (3)
also still hold. Equation (4a) must be rewritten as

L4n_[(HoGT v heof]1

Ty dx C,To Cp,Toln dx

C E_EO
A R L 4b
24 < To (4b)

where Ay - f; = 1520 — 0.1 (Tp), °R for Hy/air. The last term
models wall heat transfer using Reynolds analogy

St = (Cy/2) ©)

The adiabatic wall temperature is calculated with a recovery
factor taken as Pr” using M and T, in the mixing zone. Some
workers'? report a Reynolds analogy factor greater than unity
for slot injection flows. A value of unity was used here. One
reason is that the definitions of Cr and Sf in this work are
based on one-dimensional average quantities in the viscous
region, not edge values as used in Ref. 12.

Finally, consider how entrainment from the external stream
occurs. It is the result of a difference between the local flow
angle at the outer edge of the mixing region and the growth
rate of the mixing region dA4/dx, i.e.,

dn dA
a’" = "““(E - 0) ©)

This is the easiest to interpret for x = x,.. Before that, the
pressure interaction with the external stream involves only
(drin/dx)ouer and the 4 in Eq. (7) must be the total height from
the wall up to the outer edge of the main mixing region.

Mathematical Overview

The formulation described above results in six ordinary
differential equations for six unknowns: M(x) [actually
M?(x)], m(x), To(x), 6(x), A (x), and p(x). The six equations
are Eq. (1), an entrainment rule yet to be specified, Eq. (4a) or
(4b), Egs. (2) and (3) combined and solved for d¢/dx, Eq. (6)
solved for d4/dx, and Eq. (3).

The parameters in the problem are M,, Ty, p1, 8;, M;, Ty;,
pj: a, Yz, Cp29 Tw’ .f:v; and hf-

The initial conditions required are M(0), m(0), To(0), A(0),
and p(0) = p,. The initial flow angle 8(0) can be found from
D1, Dj» and Eq. (3). These initial values are to be understood as
one-dimensional averages across the initial boundary layer. To
find such average values from specified M,, Ty, pi, 6;, and
T,,, some assumptions are necessary. The approximate expres-

sion
u y 1/7
— = 7
U <5i> @

and Crocco relations for H(u) were used.

The calculations are run as described above from x = 0 until
X = xp.. At that point, new one-dimensional average values
are calculated including now the fluid in the wall boundary
layer that has been developing below the potential core (see
Fig. 1). These new average values are treated as “‘initial”’
conditions for a new calculation begun at x = x,. and contin-
ued as far downstream as desired.

For cases with a small, freestream-side boundary layer (5;/
a < 1), the procedure is less complex. The main viscous region
is taken as the whole slot flow and the freestream fluid en-
trained into it from x = 0. There is no separate treatment from
x =0 to x =Xx,.. The formulation then resembles that for
X = xp for cases with large initial boundary layers.
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Real Gas Effects

Most practical cases can be analyzed assuming perfect gas
behavior throughout. However, for high M, the relations
relating static and total temperature, for example, are no
longer adequate in the mainstream and its boundary layer. For
such cases, a table look-up procedure using equilibrium air
values for all thermodynamic quantities was adopted here.
Also, rather than Ty, it is more appropriate to work with the
stagnation enthalpy H,.

The flow in the viscous region is taken as having a constant
v2- The mixture molecular weight is calculated assuming in-
stantaneous mixing and, if appropriate, reaction to produce
products at the local fuel/air ratio. For example, for H, injec-
tion and burning in air, water is assumed as the only product.
Last, the relation C,, = 7/W is assumed. Actually, one finds
that even scramjet cases for high flight Mach numbers involve
one-dimensional average static temperature levels in the mix-
ing region that makes these approximations quite reasonable.
Average static temperature levels up to about 2500 K are
certainly acceptable.

Turbulence Modeling

The explicit effects of turbulence appear as an entrainment
rate dr/dx that must be modeled. Actually, relatively few
turbulence models are presented in terms of entrainment rates.
It is much more common to model an eddy viscosity (or
mixing length) or a width-growth rule. In principle, these can
be related to one another, but that exercise is not always
straightforward or free of additional assumptions. A good
starting point for the current purposes is the Crocco-Lees
entrainment model,2* which was developed for boundary-layer
flows:

dm '
— = 8
1 101U} ®)

with C; = 0.015 — 0.03 (the higher value is for separating
flows).

In our earlier work for base injection flows,'-2! a different
model was proposed

U

1] - —

muy

dm
- = Gpouy

i ®

with C, = 0.01 — 0.02. This was based on a notion suggested
first by Ferri.?®* This or any other ‘‘difference” model [Au or
A(pu)] will have difficulty when that difference tends to zero.
In any event, Eq. (9) resulted in good predictions for base
injection cases.!%-2!

For cases with large initial boundary layers and x < x,,, the
flow is presumed boundary-layer-like, and the Crocco-Lees
model was used with C, = 0.02 as

dm)
—_— = Cpu; (10a)
<d~x inner W
and
dm
— =C 10b
(dx>oum it (100)

Recently, experiments on free mixing flows such as shear
layers and jets!S-1® have shown a decrease in mixing rate as a
function of a suitably defined Mach number of the large-scale
structures M. Those results have been presented as a width-

growth rule’®:
(1 —uz/u,) (1 +\/m>

2
u
<1+Pz 22>
P,

with C; = 0.17 and f(M,) is a function equal to unity up to
about M, = 0.5 and then decreasing to a value of about 0.3 by

oy, _
o

C:f (M) an
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M, = 1.0.1® There remain questions as to whether this de-
crease in mixing occurs in similar flows but where a solid wall
was present in the viscous region and/or a large initial
boundary layer exists such as for the slot injection flow of
concern here. Nonetheless, it is of interest to extend these new
results to an entrainment law for use in parametric calcula-
tions and comparisons with data. In Eq. (11) and all that
follows from it, the subscript 2 must be for the lower speed
stream. To illustrate the process of extending a width-growth
law to an entrainment law, consider first a case where p; = p;
and u; = 0 and then assume a linear velocity profile and that
the entrainment into one side of a free shear layer is one-half
that into the whole. Equation (11) then leads to

i
o = Cupnf (M) (122)

where C,=0.04, which compares with Eq. (8) when

J(M.) = 1. For the general case, a comparable development
yields

u u
dm pauy Wi P 01 Uy
—+

— =Cyf (M,
dx 4f( c)plul o 5
(-2)0-2)] [ -2
u p
+ 1 1 . 1 . 1 (12b)
3 Pl
1+ 3
p1ly

If u, > u,, the subscripts in the last bracket in Eq. (12b) and the
definition of M, must be reversed. In deriving Eq. (12b), it was
assumed that both the velocity and density profiles could be
represented by linear variations over the width of the vorticity
thickness. That is a reasonable assumption for p, < p, but not
for p, > p;, but most cases of practical interest involve p, < p;.
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Fig.2 Comparison of prediction and experiment for wall pressure
for experiment of Ref. 8.
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Fig. 3 Comparisons of predictions and experiment of Ref. 8 for
density profiles at x/a = 4.0, 6.0, and 9.25.
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With the assumptions necessary to go from the reported
width-growth to the entrainment law needed here, it is good to
have some method of checking the result, at least for a limiting
case. Brown and Roshko! did develop an approximate en-
trainment law by an entirely different approach. For u; =0
and p, = p;, they give

drin
— =0.052 13
o o1l (13)

which can be compared with our equivalent result from Eq.
(12b) of

'—'—. =006p 1
. u 4
] 141 ( )

For (p,/p1) = 1/7, they deduce a change in the constant in Eq.
(13) to 0.038. Equation (12b) gives 0.03. We take this to show
rough correspondence, in view of the considerable uncertain-
ties in the constants and the different approximations in both
analyses.

By analogy with these results, it is logical to include the
same f(M,) in Eq. (9) as in Eq. (12b) if one believes the effect
is significant for wall-bounded flows, i.e.,
dm

ol Cf (Mc)mlh

u
| Pu
Py

as)

i
Comparisons of Predictions with Experiment

To test the adequacy of the analysis, we present several
comparisons of predictions and experiment. The first group of
cases are for nonreacting fluids. Within that group, the first
considered has a very small initial boundary-layer thickness,
6;/a <1, and involves air injection into air. The next cases
have thick boundary layers, and the final nonreacting case
involves H, injection into air. For reacting cases, two experi-
ments for H, injection and burning in air are considered.

Nonreacting Cases

A case from Ref. 8 with M, = 2.85 and M(0) = 2 with air
injection into air was considered first and §; < a. This is an
interesting case, since p; # p;. Calculations were made with
entrainment modeled with Eq. (9) denoted as ‘‘A(ou) Entrain-
ment’’ and Eq. (12b) denoted as ‘“‘New Entrainment Model”’
with mixing constant choices of 0.01, 0.02 and 0.04, 0.06,
respectively. The predictions and measurements are compared
in Fig. 2. One can note the good agreement for both entrain-
ment rate expressions. Density profile comparisons are shown
in Fig. 3. The agreement between prediction and experiment is
reasonably good. The comparisons do indicate that mixing
rate constants on the high side perform better. Based on these
results and others, we have selected a value of C, = 0.02 for
Eq. (9) and C, = 0.06 for Eq. (12b). Also, these experiments
had conditions such that M, < 0.3 in the whole flowfield, and
so the issue of a possible decrease in mixing as a function of
M, was not relevant.

A case from Ref. 10 with M;=3.0 and M;=1.7
(p; =0.8py) and §;/a = 0.7 with air injection into air was
considered next. A comparison of the predicted and measured
Mach number profile at the furthest measured downstream
station (x/a = 20) is shown in Fig. 4. Note that both the height
of the viscous region and the average value of the Mach
number are quite accurately predicted. Last, M, was never
greater than 0.2.

Another air/air case but with a larger initial boundary-layer
thickness can be found in Ref. 5. The predicted viscous area
growth is compared to the data in Fig. 5 where good agree-
ment can be noted. The value of the convective Mach number
was low everywhere.

The hot H,/air slot injection experiment reported in Ref. 9
has a nonburning as well as a burning series with M, = 2.5,



= 1.0.

M; =1, and ¢;/a = 3.8. The nonburning data are useful as a
next step in complexity in evaluating the current analysis. The
nonburning test simply has no O, in the vitiated air main-
stream. The experiments yielded profiles at x = 35.6 cm (x/
a = 89), and the predictions of the analysis are compared with
these results in Figs. 6a-6¢. The predictions are seen to be in
good agreement with the data for both entrainment models
using the higher values of the constants. The height of the
mixing region and the one-dimensional average values of M,
U, Ty, T, and H, concentration are all well predicted. Again,
it is important to note that the convective Mach number for
this case was never above 0.2.

Burning Cases

An H,/air burning case is a stringent test against which to
judge the adequacy of any viscous flow analysis. The burning
experiments of Ref. 9 were used here first. The main differ-
ences compared to the case from the same reference discussed
in the previous section are a slightly higher air temperature
and, more importantly, the presence of oxygen in the external
stream. Profile comparisons similar to those for the nonburn-
ing case in Fig. 6 are given in Figs. 7a-7c¢. Again, the predic-
tions are seen to be in rather good agreement with the data.
The agreement is better than in Ref. 22 where the effects of the
large initial boundary layer were not treated. As before, the
convective Mach number is low.

A second Hy/air burning experiment is reported in Ref. 4,
although fewer details are available. In particular, the initial
boundary-layer thickness was not measured. This case is inter-
esting, however, since it could not be treated in a straightfor-

ANALYSIS OF SLOT INJECTION IN HYPERSONIC FLOW 119

JAN.-FEB. 1991
2.5 25
Analysis 2.0
A{pu) entrainment model, C, = 0.02
5
20 | -g 1.5
2
. . "c% 1.0 — Analysis
| Viscous region edge = —=—= New entrainment model, C4 = 0.06
from Schlieren Alpu) entrainment model, C, = 0.02
15— — 05 - o 7
O Hy-inert gas
R | | | | }
> 0 1 2 3 4 5
1.0 Y (em)
T ] a) Mach number profile
12 — Hydrogen-inert gas
Data
0 X=356c¢cm
05 }_ ] 1.0
) 2=
08 g &
0.6 e = _.I ‘
o|8
0 | | | ] | ! ] Ll I 04
0 0.4 0.8 1.2 1.6 2.0 24 2.8 3.2 .
} Mach number 0.2
Fig. 4 Comparison of predictions and experiment of Ref. 10 for | | | | |
Mach number profiles at x/a = 20, M; = 3.0, M; = 1.7, §;/a = 0.6, o 1 2 3 4 5
and p;/p1=0.8. .
Y (cm)
. b} Total temperature ratios from thermocouple measurements.
Analysis __ o 00 Inert gas, Tygf = 2276K.
i def =0.
6 Alpu) entrainment model, Co o H, ’o N,
Data @ . 080~ D0, O Hy0(CALC)
=
2
5 060
7;
£
0 P NS T SRR S N SR N g 040
0 25 50 75 100 125 150 175 200 225 8
X/a § 0.20
w
Fig. 5 Comparison of predicted and measured viscous area growth
for experiment of Ref. 5; M; = 3.0, M; = 1.0, §1/a = 1.05, and p;/

Y (cm)

¢) Composition profile for pure mixing
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air experiment of Burrows and Kurkov®; Mj=2.5, M; =1.0,
T1 = 1150 K, Ty =300 K, x = 35.6 cm = 894, and §;/a = 3.8.

ward manner with the analysis of Ref. 22. Calculations have
been made with the current analysis assuming a reasonable
range of values of §;. Good results were obtained. Some
comparisons with experimental observations are shown in
Figs. 8 and 9.

Parametric Calculations

Based on the comparisons given above, which cover a wide
range of conditions, one can judge the analysis as being ‘‘qual-
ified.”” Either entrainment law seems satisfactory; as long as
the higher values are used for the constants. We have used Eq.
(9) for parametric calculations, since it is somewhat simpler. It
is then possible to make calculations over a range of condi-
tions of interest for scramjet combustors to assess perfor-
mance and to illustrate the practical utility of the analysis for
a situation of current interest.

It is useful to pick a few combinations of conditions and run
complete mixing/burning calculations to illustrate flowfield
development. The points (M, = 10, 15, and 20) on a typical
mission profile have been selected, and some predictions are
plotted in Fig. 10 assuming §;/¢ < 1. One can see that the
growth in the average air/fuel ratio along the combustor is
nearly the same for all three cases. This is because (ou;/p1u1)
came out nearly the same (0.3-0.4) for all three cases. A long
length (x/a = 200) is required to achieve a reasonable average
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Fig. 8 Experimental ‘apparalus and flame pattern in the tests of Ref. 4 compared to current predictions with assumed values of §;/a = 0.2, 0.4,
and 0.8; M1 =2, M; = 1.0.
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Fig. 11 Predictions of mixture ratio and average total temperature in the viscous region for scramjet combustor at Mach 10 for é;/a = 0.5, 2.5,
and 5.0.
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Fig. 12 Effects of injector exit conditions on total temperature variation in the combustor at M. = 10 conditions.

equivalence ratio in the mixing and burning zone. Next, the
average Mach number in that zone decreases from M; for the
M, =10 and 15 cases, but it increases for the M, = 20 case.
This is because u, > u; for the latter case. A convective Mach
number effect was included in the calculations, but the condi-
tions were such that it had an effect (very slight) only for the
M, = 20 case. The figure shows the variation of M, encoun-
tered.

Now, one can consider the effects of an initial boundary
layer whose thickness is not small compared to the slot height.
For that purpose, we have selected the Mach 10 case with
8;/a = 2.5 as the baseline condition. We considered §;/a of 0.5
to 5 to cover the complete range of probable interest.

The main results can be shown by plots of Ty(x) (the one-di-
mensional average total temperature in the mixing zone) and
¢(x) in the mixing zone in the Fig. 11. For a *‘small’’ initial
boundary layer (5;/a = 0.5), there is less air in the mixing zone
to begin with, and the mixture is rich all the way to x/a = 200

and beyond. The temperature is, therefore, also lowest. For a
much larger initial boundary layer (5;/a = 5.0), there is a lot
of hot air in the mixing zone right from the beginning. This
results in a leaner, hotter mixture over the whole length stud-
ied. Finally, for all these cases, the convective Mach number
was never above 0.5.

It is informative to consider some additional parametric
variations about the baseline. There are three primary parame-
ters governing the slot injection flow: Mach number M;; total
temperature Ty;; and static pressure ratio p;/p;. Figures 12
and 13 display some of the influences of M, and Ty, holding p;
and the injected mass flow rate ri1; constant. Decreasing the
slot Mach number to 2.0 or 1.0 requires a larger slot height,
which results in a longer potential core length x,.. Increasing
M has the opposite effect. Decreasing the total temperature of
the injectant at a fixed M; also reduces the slot height and thus
X,.. From a practical point of view, one can interpret these
results in terms of a length required to reach a certain average
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Fig. 13 Effects of injector exit conditions on mixture ratio variation for M, = 10 conditions.

mixture ratio in the mixing and burning region. At M, = 10,
a reasonable target value would be ¢ = 2. Looking at Fig. 13,
it can be seen that the ‘‘baseline’’ case would require a length
of about x/ag; =~ 280 or x = 3.4 m. For example, reducing Ty,
to 555 K or increasing M to 4.0 increases this length to about
3.7 m. Or, decreasing M; to 2.0 reduces the length to approx-
imately 3.2 m.

Discussion

The results of comparisons of predictions and experiment
for nonburning cases, including some with a very large density
difference, and H,/air burning cases demonstrate the ade-
quacy of the new simplified analysis using a A(pu) entrain-
ment law with a value of about 0.02 for the mixing rate
constant. The same comparisons did not yield an answer to the
question of the influence of convective Mach number on wall
bounded, mixing flows with a large initial boundary layer,
since none of the experiments involved convective Mach num-
bers high enough (i.e., M, = 0.5) to be in the range where such
effects have been reported for free shear layers. The results
obtained here for cases with sizeable initial boundary-layer
thicknesses compared to the slot height are in better agreement
with experimental observations than those obtained earlier??
with an analysis that neglected any direct effect of the initial
boundary layer.

The analysis was used to show the influences of initial
boundary-layer thickness and injection parameters on com-
bustor flowfield development for a generic scramjet vehicle at
a flight Mach number of 10. As might be expected, the influ-
ences can be large and important for design purposes.

Calculations that show good agreement with complicated
cases such as Hy/air slot mixing and burning experiments can
be obtained with this analysis at very modest cost. A complete
calculation uses about 1-2 s CPU time on the Amdahl 5890
computer. Thus, this analysis can be useful for design pur-
poses where repeated calculations with parametric variations
in the conditions are needed.
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